Abstract: In this paper, we investigate the relationship between J-anti-invariant cohomology of a closed symplectic 4-manifold introduced by T.-J. Li and W. Zhang and new symplectic cohomologies introduced by L.-S. Tseng and S.-T. Yau. We also prove that the dimension of J-anti-invariant cohomology is constant for almost structures J which are compatible with a fixed symplectic form. (2000): 53C55, 53C22.
plectic star operator * s acts on a differential k-form α by [5, 17] ), * s acts on Λ 2 giving the following decomposition: Remark 1.5. In general, an almost complex structure which is ω-compatible with an integrable one may be non-integrable. Indeed, Kim [11] proved that every closed symplectic 4-manifold (M, ω) admits an ω-compatible almost Kähler metric of negative scalar curvature. On the other hand, for a closed almost Kähler surface (M, g, J, ω), we have the following estimate for the total scalar curvature:
with equality if and only if the structure is Kähler, where c 1 (J) is the first Chern class of (M, J) depending only on the homotopy class of J, S(g) is the scalar curvature of g and [ω] is the cohomology class of ω ( [2, 3, 4, 11] ). It follows that (cf. [10, 14, 18] ) there exist no negatively scalar curved Kähler metrics on rational complex surfaces and S 2 -bundles, although there exist negatively scalar curved almost Kähler metrics by Kim's results. In particular, A.-K. Liu [14] has classified symplectic 4-manifolds with 
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Then we have the following properties ((cf. [17] )):
(1) dimH
there are canonical isomorphisms
Since (M, g, J, ω) is a closed almost Kähler 4-manifold, the Hodge star operator * g gives the well-known self-dual, anti-self-dual decomposition of 2-forms as well as the corresponding splitting of the bundle (see [6, 7] ):
The Hodge-de Rham Laplacian commutes with * g , the decomposition (2.6) holds for the space H g of harmonic 2-forms as well. By Hodge theory, this induces cohomology decomposition by the metric g:
One defines (cf. [7] )
It is easy to see that
and (2.7) can be written as
The almost complex structure J acts on the space Ω 2 of 2-forms on M as an involution by
This gives the J-invariant, J-anti-invariant decomposition of 2-forms (cf. [6] ):
There are the following relations between the decompositions (2.6) and (2.12) on an almost Kähler 4-manifold (cf. [6, 7] ):
14)
Let b 2 , b + and b − be the second, the self-dual and the anti-self-dual Betti number of M , respectively. Thus
It is easy to see that, for a closed almost Kähler 4-manifold (M, g, J, ω), there hold (see [8, 9, 16] 
Recall that for an almost Kähler manifold (M, g, J, ω) , one has the following formula (cf. [5, 17] 
Hence, one has the following decomposition (cf. [6, 12] )
Definition 2.1. Let (M, g, J, ω) be a closed almost Kähler 4-manifold. Set
We now give the proof of Theorem 1.1. Proof of Theorem 1.1. Since (M, g, J, ω) is a closed almost Kähler 4-manifold, for any α ∈ H 
, it can be written as
Hence, α 1 is still in H 2 d+d Λ and α 1 can be written as
g . By Lejmi lemma [12] and Hodge decomposition [7] , α
It is easy to see that c α ω ∈ H
So we can get that
Similarly, one has
This completes the proof of Theorem 1.1. In order to prove Theorem 1.2, we first show the following proposition. Using Theorem 1.1, we can prove that h − Jt is a lower semi-continuous function in t. Proof. Suppose the conclusion of Proposition 2.2 does not hold. Then there exist
We write J k := J t k and J 0 := J t0 . Let
be an orthonormal basis with respect to the cup product, that is, 
Thus α i J0 can be written as
∈ Ω 2 (M ) and {α
where (dd Λ ) * k 1 = − * g k 1 dd Λ * g k 1 . Note that
